Abstract. Let f be a newform of weight k ≥ 2 of trivial nebentypus, let V f be the self-dual Tate twist of the p-adic Galois representation associated to f , and let χ be an anticyclotomic Hecke character of an imaginary quadratic field. The conjectures of Bloch and Kato predict the equality between the order of vanishing of the L-function of V f ⊗ χ and the dimension of its Selmer group. In this paper, using Heegner points and their variation in p-adic families, we prove many "rank 0" cases of this conjecture when the infinity type of χ is z −nzn with n ≥ k/2, as well as one of the divisibilities in the Iwasawa-Greenberg main conjecture for V f ⊗ χ.
Introduction
Let p ≥ 5 be a prime and let f ∈ S k (Γ 0 (N )) be a normalized newform of weight k ≥ 2 and level N prime to p. Let L/Q p be a finite extension containing the image of the Fourier coefficients of f under a fixed embedding ı p : Q ֒→ Q p , and denote by ρ f : G Q := Gal(Q/Q) → Aut L (V f ) the self-dual Tate twist of the p-adic Galois representation associated with f .
Let K be an imaginary quadratic field, let χ : K × \A × K → C × be a Hecke character of K, and letχ : G K := Gal(Q/K) → Q × p be the p-adic avatar of χ. If χ is anticyclotomic, the
is conjugate self-dual. Upon enlarging L if necessary, assumeχ takes values in L. As part of a vast generalization of the celebrated Birch and Swinnerton-Dyer conjecture, the conjectures of Bloch and Kato (see [BK90] , [FPR94] ) predict the equality
between the order of vanishing at the central critical point of the Rankin-Selberg L-function L(f, χ −1 , s) and the size of the Block-Kato Selmer group for the representation V f,χ .
Let O be the valuation ring of L, fix a G Q -stable O-lattice T f ⊂ V f , and denote byρ f the reduction of ρ f modulo the maximal ideal of O. Let O be the ring of integers of K. The main result of this paper towards conjecture (BK) is the following.
Theorem A. Let f ∈ S k (Γ 0 (N )) be a newform of weight k ≥ 2, k ≡ 2 (mod p − 1), and level N prime to p, and let K be an imaginary quadratic field of odd discriminant such that (i) f is ordinary at p, (ii) p = pp splits in K, and does not divide the class number of K, (iii) there is an ideal N ⊂ O with O/N ∼ = Z/N Z, (iv) ρ f | G K is absolutely irreducible, (v) ρ f is ramified at every prime q|(D, N ).
Let χ : K × \A × K → L × be an unramified Hecke character of infinity type z −nzn with n ≥ k/2. Then L(f, χ −1 , k/2) = 0 =⇒ Sel(K, V f,χ ) = 0.
Our proof of this result rests on the study of a certain p-adic L-function L p (f ) interpolating the square-roots of the values L(f, χ −1 , k/2) for varying χ as in the statement of Theorem A. In the form considered in this paper, this p-adic L-function was introduced in the work [BDP13] of Bertolini, Darmon and Prasanna, where they proved a p-adic Gross-Zagier type of formula relating the values of L p (f ) at certain unramified characters outside the range of interpolation to the p-adic Abel-Jacobi images of generalised Heegner cycles.
Let Γ := Gal(K ∞ /K) be the Galois group of the anticyclotomic Z p -extension of K, and set Λ := O[ [Γ] ]. Let R be a finite extension of the Witt ring of F p inside C p containing O. By the analytic constructions in [Bra11] and [Hsi14] , L p (f ) is known to be an Iwasawa function; in fact L p (f ) ∈ Λ R := R[ [Γ] ], and hence L p (f ) is uniquely determined by its values at any infinite set of characters. As a key step in the proof of Theorem A (and of Theorem B below), in this paper we extend the p-adic Gross-Zagier formula of [BDP13] to finite order characters of p-power conductor, thereby obtaining an independent construction of L p (f ) as the image of a norm-compatible system of Heegner classes by an appropriate variant of the Coleman power series map. In weight k > 2, these classes arise as specializations of the Howard's system of big Heegner points Z ∞ [How07] associated to the Hida family passing through f , rather than from the generalised Heegner cycles of [BDP13] .
Similarly as in the works of Rubin [Rub91] and Kato [Kat04] , the availability of the aforementioned construction of L p (f ) by means of special elements has important consequences in Iwasawa theory. To state the result that we can deduce in this context, fix a character χ as in Theorem A, and define T f,χ := T f ⊗ χ and A f,χ := V f,χ /T f,χ . The discrete Λ-module
is known to be co-finitely generated; let Ch Λ (X(f, χ)) be the characteristic ideal of its Pontryagin dual. The Iwasawa-Greenberg main conjecture [Gre94] predicts that X(f, χ) is Λ-torsion, and that
where X(f, χ) R := X(f, χ) ⊗ Zp R, and L p (f, χ) is the twist of L p (f ) by χ.
Extending the techniques of Skinner-Urban [SU14] , X. Wan [Wan13] has obtained one of the divibilities in (IMC) in some cases; our second main result in a converse divisibility.
Theorem B. Let f , K, and χ be as in Theorem A. Then X(f, χ) is Λ-torsion, and
up to powers of pΛ.
When k = 2, N is square-free, there is some prime q|N ramified in K, and the hypotheses in Theorem A are satisfied by f , K, and χ, both [Wan13, Thm. 1.1] and Theorem B hold, thus establishing the full Iwasawa-Greenberg main conjecture for V f,χ in these cases.
The plan of this paper is as follows. In Section 1, we construct a two-variable p-adic Lfunction L p (f ) (denoted L p,ξ (f )) interpolating the p-adic L-functions of [BDP13] in a Hida family. Combining the works of Ochiai [Och03] and of Loeffler-Zerbes [LZ14] , in Section 2 we construct a certain variant of the logarithmeélargie of Perrin-Riou. In Section 3, we briefly recall Howard's construction of big Heegner points, yielding a two-variable cohomology class Z ∞ with values in a self-dual twist of the Galois representation associated with a Hida family. In Section 4, we prove the key Theorem 4.4, showing that L p (f ) arises as the image of Z ∞ under the big logarithm map. With this result at hand, the proof of Theorems A and B is deduced in Section 5 from the extension of Kolyvagin's method of Euler systems developed by Mazur-Rubin [MR04] , Howard [How04] , and Fouquet [Fou13] .
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Notation. For any number field E and a place v of E, we let rec E :
Ev be the geometrically normalized global and local reciprocity maps, respectively. If φ : Z × p → C × is a continuous character of conductor p n , define the Gauss sum of φ by
and if χ : Q p → C × is a continuous character of conductor p n , define the ε-factor of χ by ε(χ) = p n χ(p n ) −1 g(χ −1 ) −1 .
Two-variable p-adic Rankin L-series
Fix once and for all embeddings ı ∞ : Q ֒→ C and ı p : Q ֒→ Q p .
1.1. Hida families. Fix an integer N ≥ 1, and let p be an odd prime not dividing N . Let O be the ring of integers of a finite extension of Q p , and set
, where ζ is a primitive p s−1 -th root of unity.
Let I be a finite flat extension of
is called an arithmetic prime if its pullback under the structure map Λ O → I is of the form ν k,ζ , for some integers k ≥ 2 and some primitive p s−1 -th root of unity ζ. We then say that ν has weight k and level s, and let
Denote by X arith (I) be the set of arithmetic primes of I, and for each ν ∈ X arith (I), let F ν be its residue field, with valuation ring O ν . Definition 1.1. An I-adic eigenform of tame level N is a formal q-expansion f = ∞ n=1 a n q n ∈ I[[q]] such that for every ν ∈ X arith (I) the q-series
gives the q-expansion of an eigenform f ν ∈ S kν (Γ 0 (N p sν ), ω 2−kν ψ ν ), where ω : (Z/pZ) × → Z × p is the Teichmüller character. We say that f is ordinary if each f ν is ordinary at p, i.e. the U p -eigenvalue of f ν is a p-adic unit, and that f is a newform if a 1 = 1 and each f ν is new at all primes dividing N .
Let L/Q p be a finite extension with valuation ring O. If g = q+ ∞ n=2 a n (g)q n ∈ S k (Γ 0 (N p)) is any ordinary p-stabilized newform of weight k ≡ 2 (mod p − 1) of tame level N defined over F , meaning that a p (g) ∈ O × and that its system of Hecke eigenvalues {a n (g) | (n, N p) = 1} agrees with that of a newform of level N or N p, then by [Hid86, Cor. 1.3] there exists a finite flat extension I of Λ O and an ordinary I-adic newform f ∈ I[[q]] of tame level N such that f νg = g for a unique ν g ∈ X arith (I).
be an imaginary quadratic field in which the prime p splits, and let p be the prime of K above p induced by ı p . In addition, we assume that D is odd, that p does not divide the class number of K, and that there is an ideal N ⊂ O with O/N ∼ = Z/N Z which we fix from now on. Denote by x(O) the trivialized elliptic curve with Γ 1 (N )-level structure x(O) = (A, α A , ı A ), and for any O-ideal a ⊂ K prime to Np, define 
] of a measure µ is the power series
n ≥ 0, and by Mahler's Theorem, the rule µ → A µ defines an isomorphism Meas(
Let M(N, W ) be the space of p-adic modular forms of tame level N defined over W , and let d be the Atkin-Serre operator on M(N, W ), whose effect on q-expansions is given by
For each m ∈ Z ≥0 , the rule n b n q n → n n m b n q n defines an operator d m on M(N, W ). Definition 1.2. Let h be a p-adic modular form, and let a ⊂ K be an O-ideal prime to Np. Define µ h,a to be the measure on Z p such that
for all m ≥ 0, where x(a) is the trivialized elliptic curve with Γ 1 (N )-level structure of (1.1).
If h has q-expansion n b n q n , let h [p] = p∤n b n q n be the p-depletion of h. The associated measure µ h [p] ,a is then supported on Z × p .
1.4. Anticyclotomic Hecke characters. Let Γ := Gal(K ∞ /K) be the Galois group of the anticyclotomic Z p -extension of K. LetK be the finite adèles of K, so that
We say that a Hecke character ψ :
= 1) and of p-power conductor, then its infinity type is necessarily of the form (−n, n) for some n, andψ factors through Γ. 
for all σ ∈ G Q , where · 1/2 : Z × p → 1+ pZ p is the composition of the projection Z × p ։ 1+ pZ p with the map x → x 1/2 (which is well-defined on 1+pZ p , since p is odd), and [·] : 1+pZ p → I × is the composition of the inclusion 1 + pZ p → Λ × O with the structure morphism Λ O → I. For each ν ∈ X arith (I), define the Hecke character χ ν : 
for all x ∈ A × K , wherex denotes the action of the complex conjugation on A
for all ν ∈ X arith (I) and φ ∈ Hom cts (Γ, W × ), where
for any a ∈K × with aK ∩ O = a, and
is the measure on Z × p characterized by
The next result describes the interpolation property of L p,ξ (f ). If ν ∈ X arith (I) has weight k ν ≥ 2 and ψ :
satisfies a functional equation relating its values at s and k ν − s, so that s = k ν /2 is its central value.
Theorem 1.4. Let ν ∈ X arith (I) be an arithmetic prime of weight k ≥ 2 and trivial nebentypus.
(
Proof. Noting thatφ(rec p (z)) = z ℓ , we find that
ν ,a
ν (x(a)), and hence by Definition 1.3, we obtain
ν (x(a)).
Since ν has trivial nebentypus, the weight of ν is k ≡ 2 (mod p − 1), and χ ν (a) = N(a) 1−k/2 . Thus λ ν := ξ −1 ν χ −1 ν φ −1 N is an unramified Hecke character of K of infinity type (k + j, −j), where j := ℓ − 1, and (1.4) may be rewritten as
Since j ≥ 0, (i) follows from [BDP13, (5.2.4), Thm. 5.9], applied to (f, χ) = (f ν , λ ν ); and (ii) follows from the nonvanishing result of [Hsi14, Thm. C] (see also [CH14, Thm. 3.7] , and Theorem 3.1 below for the definition of ρ f ).
Big p-adic regulator maps
In the following, we identify G Qp := Gal(Q p /Q p ) with the decomposition group D w ⊂ G Q of the place w of Q above p determined by our fixed embedding ı p : Q ֒→ Q p .
2.1. Ochiai's map for nearly ordinary deformations. We keep the notations introduced in §1.1 and §1.5; in particular, I is a finite flat extension of
Definition 2.1. Let T be a free I-module of rank 2 equipped with a continuous linear action of G Q unramified outside N p. We say T is an ordinary deformation if the action of G Q on ∧ 2 T is given by the character Θ −2 ε −1 cyc , and there exists a filtration as G Qp -modules (2.1)
with F ± (T) free of rank 1 over I, and with the action of G Qp on F + (T) being unramified.
Let T be an ordinary deformation, and let Ψ : G Qp → I × be the unramified character by which G Qp acts on F + (T). Also, denote by Ψ ν the composition of Ψ with ν : I → F ν , and let Fr p ∈ G Qp denote a geometric Frobenius element.
Let Γ cyc := Gal(Q p,∞ /Q p ) be the Galois group of the cyclotomic Z p -extension of Q p , and let Λ cyc be the free
The nearly ordinary deformation associated to T is the I :
Let ǫ : Γ cyc ∼ = 1 + pZ p be the isomorphism induced by the cyclotomic character, and let X arith (Γ cyc ) be the set of continuous characters σ : Γ cyc → Q × p of the form σ = ǫ wσ σ o for some integer w σ ≥ 0, called the weight of σ, and some finite order character σ o . For every pair (ν, σ) ∈ X arith (I) × X arith (Γ cyc ), let O ν,σ be the extension of O ν generated by the values of σ, and let O ν,σ (σ) be the free O ν,σ -module of rank 1 where G Qp acts by σ. Set
and define F ± (T ν,σ ) and F ± (V ν,σ ) in the obvious manner. For every finite extension
Fix a compatible system (ζ p r ) r of p-power roots of unity. As in [Och03, Def. 3.12], associated to this choice there are specialization maps
for every (ν, σ) ∈ X arith (I) × X arith (Γ cyc ), where
Theorem 2.2. Let γ o ∈ Γ cyc be a topological generator, and define J := (α(σ p ), γ o − 1) ⊂ I. Let F be a finite unramified extension of Q p with ring of integers O F . There exists an injective I-linear map
such that for every ν ∈ X arith (I) of weight k ≥ 2 and σ ∈ X arith (Γ cyc ) of conductor p r , r ≥ 0, and weight w, with 1 ≤ w ≤ k − 1, the diagram
commutes, where the bottom horizontal map is given by
where exp F is the Bloch-Kato exponential map over F .
2.2. Going up the unramified Z p -extension. Let U := Gal(F ∞ /Q p ) be the Galois group of the unramified Z p -extension of Q p . For every n ≥ 0, let F n be the unique subfield of F ∞ with Gal(F n /Q p ) ∼ = Z/p n Z, and set
and let S n be the image of y n .
For any x ∈ O F n+1 , it is readily seen that the image of y n+1 (x) in O F n+1 [U/U n ] agrees with y n (Tr F n+1 /Fn (x)), and hence passing to the inverse limits with respect to the trace maps,
, and it is identified with 
We say that an arithmetic prime ν ∈ X arith (I) is exceptional if ν has weight k ν = 2, the wild character ψ ν is trivial, and Ψ ν (Fr p ) = 1.
characterized by the following property. Let
For every non-exceptional ν ∈ X arith (I) and every Hodge-Tate character φ : G → L × of conductor p r , r ≥ 0, and HodgeTate weight 1 w,
where ε(φ) is the ε-factor, P * (ν, φ −1 ) = (1− Ψν (Frp)
, and log is the Bloch-Kato logarithm map.
) be the big exponential map of Theorem 2.2 for the unramified extension F n /Q p , and using (2.3) define 
is well-defined. Thus constructed, the interpolation properties of L G , for each non-exceptional ν ∈ X arith (I), follow as in [LZ14, Thm. 4.15].
1 In this paper, we adopt the convention that the Hodge-Tate weight of εcyc is +1. Thus the Hodge-Tate weights of a p-adic de Rham representation V are the integers w such that Fil
] be an ordinary I-adic newform of tame level N (prime to p). We say that an arithmetic prime ν ∈ X arith (I) is p-old if f ν is the p-stabilization of an ordinary newform of level N .
Note that if ν ∈ X arith (I) has weight k ν > 2 and trivial nebentypus, then ν is p-old (see [How07, Lemma 2.1.5]), and that any p-old arithmetic prime is also non-exceptional.
Corollary 2.7. Let L G be the two-variable regulator map of Theorem 2.5, and let ν ∈ X arith (I) be a p-old arithmetic prime. Then for every Hodge-Tate character φ : G → L × of Hodge-Tate weight w ≤ 0,
where r ≥ 0 is the conductor of φ, ε(φ), P * (ν, φ −1 ), and P(ν, φ) are as in Theorem 2.5, and exp * is the Bloch-Kato dual exponential map.
Proof. We first note that, since ν is p-old,
The composition of L G with the specialization map
By the construction of L G in Theorem 2.5, we see that L G ν enjoys the same properties as the
is uniquely determined by these properties, the result follows from [loc.cit., Thm. 4.15].
Heegner points in Hida families
Let f ∈ S k (Γ 0 (N )) be a p-ordinary newform of level N whose residual Galois representation ρ f is absolutely irreducible, and let K be an imaginary quadratic field having an ideal N ⊂ O with O/N ∼ = Z/N Z. Let F/Q p be a finite extension containing the Fourier coefficients of f , and let O be the valuation ring of F . In this section, we recall Howard's construction of big Heegner points associated to the ordinary I-adic newform passing through f . For simplicity, we assume k ≡ 2 (mod p − 1) and p does not divide the class number of K.
3.1. Galois representations associated to Hida families. Let X s/Q be the compactified modular curve representing the functor on Q-schemes S → {(E, C, π) /S }/ ∼ =, where E is an elliptic curve, C is a cyclic subgroup of E of order N , and π is a point of E of exact order p s . Let J s := Pic 0 (X s ) be the Jacobian of X s . Let h s be the O-algebra generated by the Hecke operators T ℓ acting of J s by Albanese functoriality, and let e ord := lim m→∞ U m! p be Hida's ordinary projector, where
By [Hid86, Thm. 1.1], the algebra h ord := lim ← −s e ord h s is finite flat over
. Let h ord m be the local summand of h ord through which the algebra homomorphism λ f : h ord → O defined by f factors, let a ⊂ h ord m be the unique minimal prime containing the kernel of λ f , and set I := h ord m /a. Letting a n ∈ I be the image of T n ∈ h ord , the formal q-expansion f = ∞ n=1 a n q n is an ordinary I-adic newform of tame level N in the sense of Definition 1.1. ℓ is an arithmetic Frobenius. (ii) As a representation of G Qp , there is an exact sequence
with F ± (T) free of rank 1 over I, and with the action of G Qp on F − (T) given by the unramified character α : G Qp → I × sending Fr 
defines a class X p t+1 ,s satisfying α * X p t+1 ,s = U p · X p t+1 ,s−1 under the Albanese maps
Definition 3.2. The big Heegner point of conductor p t+1 is the class X p t+1 ∈ H 1 (G H p t+1 , T † ) defined as the image of lim ← −s U −s p · X p t+1 ,s under the natural map
By inflation, we view X p t+1 as a class in H 1 (H p t+1 , T † ). Let K ∞ /K be the anticyclotomic Z p -extension of K, and denote by K t be the subfield of K ∞ of degree p t over K, which is contained in H p t+1 . By [How07, Prop. 2.3.1], the classes (3.2)
are compatible under the corestriction maps, thus defining a class Z ∞ ∈ H 1 Iw (K ∞ , T † ).
Explicit reciprocity law for big Heegner points
As in previous sections, let Γ = Gal(K ∞ /K) (resp. G = Gal(L ∞ /Q p )) be the Galois group of the anticyclotomic Z p -extension of K (resp. the unique Z 2 p -extension of Q p ). We assume p splits in K and does not divide the class number of K, and for each v|p in K we let K ∞,v be the completion of K ∞ at the unique prime above v. for all σ ∈ G K , where c ∈ G K is a lift of the non-trivial automorphism of Gal(K/Q), and set (4.1)
cyc . By Theorem 3.1, if v is a place of K above p, the restriction of T to a decomposition group at v takes the form
on a suitable I-basis. Since Θξ (and of course, α) is unramified as a character of G Kp , the representation (4.2) for v =p is an ordinary deformation in the sense of Definition 2.1, and hence associated with it we may consider the regulator map L G of Theorem 2.5.
In the following, we let T be the representation (4.2) for v =p and identify Gal(K ∞,p /Kp) with Γ via G Qp = G Kp ֒→ G K . 
, ω fν = 1 for all ν ∈ X arith (I), where ω fν ∈ D dR (V ν ) is the class of the differential associated to the p-stabilized newform f ν .
Proof. See [KLZ14, Thm. 7.4.10].
Note that the G Kp -representation (4.1) is the twist of T ⊗ Θ −2 ε −1 cyc by the unramified character Θξ. Let λ := a p · Θξ(Fr p ) − 1 ∈ I be as in Theorem 2.5, and setĨ := I[λ −1 ] ⊗ ZpÔF∞ . Let ω ∨ f be as in Lemma 4.2, let ω ∨ f ⊗ 1 be the associated class in D⊗ Zp S ∞ for T, and define
by the commutativity of the diagram
where
is the I-linear isomorphism given by g → ε −1 cyc (g)g for g ∈ G, and pr Γ are the maps induced by the projection G ։ Γ.
The next result summarizes the relevant properties of tw
, let ν ∈ X arith (I), and letφ : Γ → L × be the p-adic avatar of an anticyclotomic Hecke character of K of conductor p t , t ≥ 0, and infinity type (−ℓ, ℓ).
(i) If ν is non-exceptional and ℓ ≤ 0, then
(ii) If ν is p-old and ℓ > 0, then
where P * (ν,φ −1 Iw (K ∞ , T(1)), and since clearly
Theorem 4.4. Let Z ∞ be Howard's system of big Heegner points (3.2), and let L p,ξ (f ) be the two-variable p-adic L-function of Definition 1.3. Then
By Proposition 4.3, Theorem 4.4 is an immediate consequence of the following result.
Proposition 4.5. Let ν ∈ X arith (I) be an arithmetic prime of weight 2 and non-trivial wild character of conductor p s , and letφ : Γ → L × be the p-adic avatar of a finite order anticyclotomic Hecke character of K of conductor p t , with t ≥ s. Then
Proof. Let a ⊂ K be an O-ideal prime to Np, and let a ∈K × be such that aK ∩ O = a. As in [CH14, Prop. 3 .3], we see that
from where it follows easily that
Recall the Frobenius operator Frob on the space M(N, W ) of p-adic modular forms, viewed as functions on trivialized elliptic curves. If x = (E, α E , ı E ) is a trivialized elliptic curve with Γ 1 (N )-level structure, define Frob(x) := (E 0 , α E 0 , ı E 0 ), where
induced by the dual isogeny of λ E . The action of Frob on M(N, W ) is then defined by Frob(g)(x) := g(Frob(x)).
Let F ω fν be the Coleman primitive of ω fν vanishing at ∞, which is a locally analytic p-adic modular form of weight 0 satisfying (cf. [Cas13, Cor. 2.8]) (4.4)
ν .
In particular, we have dF ω fν = ω fν , which implies
Using that ξ ν χ ν φ does not factor through Pic(O p t ) and that the kernel of C/b → C/bO p t is the canonical subgroup, we see from (4.4) that (4.5)
, and for each proper O p t+1+s -ideal c ⊂ K prime to Np with cO p t+1 = b, let c h p t+1 ,s ∈ X s (C) be the point defined by the triple ( c A p t+1 ,s , c n p t+1 ,s , c π p t+1 ,s ) , where 
where log ω fν : J s (F s ) → C p is the formal group logarithm associated with the differential ω fν .
Now fix an ideal c as above, and define
where for each σ ∈ Gal(H p t+1+s /H p t+1 ),σ is an arbitrary lift of σ to Gal(L p t+1 ,s /H p t+1 ); by (4.6), the point b Q χν p t+1 ,s does not depend on the choice of lift. Taking liftsσ which act trivially on µ p ∞ (and extending log ω fν by F ν -linearity), we deduce from (4.7) that
where the second equality follows as in [How07, Prop. 2.3.1].
Combining (4.3), (4.5), and (4.8), we arrive at 
agrees with the image of
Substituting (4.10) into (4.9) and using (3.2) for the second equality, we conclude that
as was to be shown. Corollary 4.6. Let f ∈ S k (Γ 0 (N )) be a p-ordinary newform of weight k ≡ 2 (mod p − 1), and let ψ : K × \A × K → C × be an unramified anticyclotomic Hecke character of infinity type (−n, n) with n ≥ k/2. Then
, Ω p , and Ω ∞ are as in Theorem 1.4.
Proof. Since ν := ν f has weight k and trivial nebentypus, the Hecke character φ such that
is unramified and of infinity type (−ℓ, ℓ), with ℓ := n − k/2 + 1. Since ℓ > 0, by Theorem 1.4 we have
On the other hand, by Proposition 4.3, we have
It is easy to see that we have the equalities,
. By Theorem 4.4, the result thus follows from the combination of (4.11), (4.12), and (4.13).
Arithmetic applications
In this section we deduce from Theorem 4.4 the proofs of the results (Thm. A and Thm. B) stated in the Introduction.
5.1. Proof of Theorem A. Recall that f ∈ S k (Γ 0 (N )) is a p-ordinary newform of weight k ≥ 2 and trivial nebentypus, χ : K\A × K → L × is an anticyclotomic Hecke character of K of infinity type z −nzn (or equivalently (n, −n), as defined in §1.5), and we set
where V f is the self-dual Tate twist of the Galois representation of f , andχ : Γ → L × is the p-adic avatar of χ. We begin by recalling the definition of the relevant Selmer groups.
Definition 5.1. Let F/K be a finite extension, and let G F be the Galois group of the maximal extension of F unramified outside the places above N p. The Bloch-Kato Selmer group of V f,χ is
where v runs over all places of F , and where
Let T f ⊂ V f be a G Q -stable lattice, set T f,χ := T f | G K ⊗χ, and define A f,χ by the exactness of the sequence T f,χ ) ) by the corresponding analogue of (5.1).
Recall that we assume that p splits in K as p = pp. The first important observation is the following.
; in particular, the classes in Sel(K, V f,χ ) are trivial at p, and satisfy no condition atp.
Proof. Following our conventions (see the footnote in the statement of Theorem 2.5), we find that the Hodge-Tate weights of V p := V f,χ | G K p are k/2 − n and 1 − k/2 − n. Since k ≥ 2, these are non-positive integers when n ≥ k/2, which implies that Fil We will have use for the following modified Selmer groups, obtained by changing the local condition at the places above p in Definition 5.1. For v|p and L v ∈ {∅, Gr, 0}, set
2) is done as before. In particular, note that
Proof of Theorem A. In view of (5.3), we have to show that H 1 {0,∅} (K, V f,χ ) = 0. Poitou-Tate duality gives rise to the exact sequence 
) is 1-dimensional, combining (5.5) and (5.6) we deduce from (5.4) that dim L H 1 {∅,Gr} (K, V f,χ ) = 1, and hence H 1 {0,Gr} (K, V f,χ ) = 0. In view of (5.5) and the exact sequence
, and hence the proof of Theorem A, follows.
5.2. Proof of Theorem B. Let f , K, and χ be as in §5.1. Let f ∈ I[[q]] be the Hida family passing through f , and let ν = ν f ∈ X arith (I) be such that ν(f ) is the ordinary p-stabilization on f . Let φ be the anticyclotomic Hecke character of K such that
and define
where L p,ξ (f ) is the two-variable p-adic L-function of Definition 1.3, and Twφ : Λ → Λ is the O-linear isomorphism given by γ →φ(γ)γ for γ ∈ Γ.
Recall that K ∞ /K is the anticyclotomic Z p -extension of K, and define the Λ-modules
where H 1 L (K t , −) are the modified Selmer groups introduced in §5.1. If ξ : G K → L × is any continuous character, we define S L (f, ξ) and X L (f, ξ) in the same manner, replacing T f and A f by T f ⊗ ξ and A f ⊗ ξ respectively in the above definition. For the ease of notation, set S Gr (f, ξ) := S {Gr,Gr} (f, ξ) and X Gr (f, ξ) := X {Gr,Gr} (f, ξ).
Lemma 5.3. Let P ⊂ Λ be a height one prime. Then , it follows that rank Λ (S Gr (f, ξ ν )) = 1, and hence S {Gr,0} (f, ξ ν ) is Λ-torsion; since H 1 Iw (K ∞ , T f ⊗ ξ ν ) is Λ-torsion free, the proof of (5.8) follows.
We thus have the exact the exact sequence 
where the subscript R denotes the extension of scalars⊗ Zp R. Combining (5.9) and (5.10), the result follows.
Lemma 5.4. The module X {0,∅} (f, ξ −1 ν ) is Λ-torsion, and for any height one prime P ⊂ Λ with P = pΛ, we have length P (X {0,∅} (f, ξ −1 ν )) ≤ length P (X Gr (f, ξ −1 ν ) tors ) + 2 · length P (coker(resp)), where resp : S Gr (f, ξ ν ) → H 1 (K ∞,p , F + (T f ) ⊗ ξ ν ) is the natural restriction map.
Proof. From Poitou-Tate duality (using the fact that V f ⊗ ξ ν is conjugate self-dual), we have the exact sequence ν ) tors ) up to powers of pΛ. As in the proof of Lemma 5.3, we see that coker(resp) is Λ-torsion and that rank Λ (X Gr (f, ξ −1 ν )) = 1 by [Fou13, Cor. 6 .19], and hence combining (5.11) and (5.12) we see that X {0,Gr} (f, ξ −1 ν ) is also Λ-torsion. Thus taking Λ-torsion in (5.11), it follows that (5.13) length P (X {0,Gr} (f, ξ −1 ν )) = length P (X Gr (f, ξ −1 ν ) tors ) + length P (coker(resp)) for any height one prime P ⊂ Λ different from pΛ.
Again by Poitou-Tate duality, we have the exact sequence (5.14) 0 −→ coker(res ) is a quotient of coker(resp), the above argument shows that coker(res ∅ p ) is Λ-torsion, and since X {Gr,0} (f, ξ −1 ν ) is Λ-torsion, we conclude from (5.14) that X {∅,0} (f, ξ −1 ν ) is Λ-torsion. Combining (5.14) and (5.13), we thus have length P (X {0,∅} (f, ξ −1 ν )) ≤ length P (X {0,Gr} (f, ξ −1 ν ) tors ) + length P (coker(resp)) = length P (X Gr (f, ξ −1 ν ) tors ) + 2 · length P (coker(resp)) for any height one prime P ⊂ Λ with P = pΛ, as was to be shown.
We are now ready to conclude the proof of Theorem B.
Proof of Theorem B. Recall that ν = ν f . We begin by noting that, as follows from Lemma 5.2, the module X(f, χ) appearing in the statement is precisely X(f, χ) = X {0,∅} (f, χ) (5.15) ∼ = X {0,∅} (f, ξ 
